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Abstract
We consider the quasilinear elliptic equation div(|∇u|p−2∇u) + m(x)u = 0 in domain  = RN, where > 0, p > 1. Under
several hypotheses on the m(x), , we obtain the existence of positive entire solutions.
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1. Introduction
In this paper, we are concerned with the existence of positive entire solutions of quasilinear elliptic equations of the
type
div(|∇u|p−2∇u) + m(x)u = 0, x ∈ = RN, (1.1)
where m(x)=m(|x|) ∈ C(R+), > 0, p > 1, and 0 − (p− 1) or > 0. By a positive entire solution of Eq. (1.1),
we mean a positive function u ∈ C1(RN) which satisﬁes (1.1) at every point of RN(see [10] and references therein).
If limr→∞u(r) = 0, we call it a positive decaying solution.
Equations of the above form are mathematical models occurring in studies of the p-Laplace equation, generalized
reaction–diffusion theory [19], non-Newtonian ﬂuid theory [2,25], non-Newtonian ﬁltration [18] and the turbulent ﬂow
of a gas in porous medium [8]. In the non-Newtonian ﬂuid theory, the quantity p is characteristic of the medium. Media
with p> 2 are called dilatant ﬂuids and those with p< 2 are called pseudoplastics. If p=2, they are Newtonian ﬂuids.
In recent years, the existence and uniqueness of the positive solutions for the quasilinear eigenvalue problems
div(|∇u|p−2∇u) + f (u) = 0 in , (1.2)
u(x) = 0 , (1.3)
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with > 0, p > 1, ⊂ RN, N2 have been studied by many authors, see [9–17,27,28,30,32,34] and the references
therein. When f is strictly increasing on R+, f (0) = 0, lims→0+ f (s)/sp−1 = 0 and f (s)1 + 2s, 0< <p −
1, 1, 2 > 0, it was shown in [11] that there exist at least two positive solutions for Eqs. (1.2)–(1.3) when  is sufﬁciently
large. If lims→0+ inf f (s)/sp−1 > 0, f (0) = 0 and the monotonicity hypothesis (f (s)/sp−1)′ < 0 holds for all s > 0,
it was proved in [15] that problems (1.2)–(1.3) has a unique positive solution when  is sufﬁciently large. Moreover,
it was also shown in [14] that problems (1.2)–(1.3) have a unique positive large solution and at least one positive
small solution when  is large if f is non-decreasing; there exist 1, 2 > 0 such that f (s)1 + 2s, 0< <p −
1; lims→0+ f (s)/(sp−1) = 0, and there exist T , Y > 0 with Y T such that
(f (s)/sp−1)′ > 0 for s ∈ (0, T )
and
(f (s)/sp−1)′ < 0 for s >Y .
Recently, Hai [17] considered the case when  is an annular domain, and obtained the existence of positive large
solutions for problems (1.2)–(1.3) when  is sufﬁciently small. Xuan & Chen proved in [3] the singular problem (1.1),
(1.3) has a unique positive radial solution if m is a continuous function and positive on = BR (here BR is a ball). In
contrast to these cases, it seems that very little is known about the existence of entire solutions for (1.1) with singular
and non-singular cases except for the work by [10,33,31]. In this paper, we show the existence of positive entire solution
to singular problem (1.1) vanishing at inﬁnity under relaxed decay and positivity conditions on the function m(x) with
other new condition, our results extend part works by [35,21,7,20], and complement part works by [10,33,31,3]. For
p = 2, the related results to a singular semilinear elliptic the boundary value problem,{u + m(x)u = 0, x ∈ ,
u = 0, x ∈ ,
have been extensively studied when  ⊂ RN, see [4–7,20,21,23,24,35]. When p = 2, the problem becomes more
complicated since certain nice properties inherent to the case p = 2 seem to be lost or at least difﬁcult to verify. The
main differences between p=2 and p = 2 can be founded in [11,15]. In the last section, we study existence of positive
radial entire solutions for non-singular quasilinear elliptic equation, this results extend and complement previous part
works by Lair–Shaker [22].
2. Singular case
In this section, we discuss the existence of positive radial entire solutions of problem (1.1) with = RN, N2. In
this case, Eq. (1.1) is equivalent to
(rN−1|u′|p−2u′)′ + rN−1m(r)u = 0, r > 0, > 0, (2.1)
where r =|x|. If u=u(r) is a solution of (2.1) with u(0)=, then u satisﬁes u′(0)=0. Therefore, Eq. (2.1) is equivalent
to
u(r) = −
∫ r
0
−1p
[
s1−N
∫ s
0
tN−1m(t)u(t) dt
]
ds for r0 (2.2)
and if u = u(r) is a positive decaying solution of (2.1), then u satisﬁes
u(r) =
∫ ∞
r
−1p
[
s1−N
∫ s
0
tN−1m(t)u(t) dt
]
ds for r0, (2.3)
where
−1p (u) =
{
u1/(p−1) if u0,
−(−u)1/(p−1) if u< 0.
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Theorem 2.1. Assume that 1<p<N, 0> − (p − 1), and m ∈ C(R+),m> 0 for r > 0 which satisﬁes:
(i) For any 0<ε< (N − p)(p − 1 − ||)/(p − 1),∫ ∞
1
rp+ε−1+[(N−p)||/(p−1)]m(r) dr <∞.
(ii) For r ∈ (0, 1),
m(r) = O(r−), < 1.
Then (1.1) has a positive decaying entire solution for all > 0.
Proof. We consider Eq. (2.3). Let
O = {u(r) ∈ 	(R+) : 
−1(r)u(r)
},
where 
 is a large positive number, =min{1, r−(N−p)/(p−1)}, and	(R+) is the Frechet space of continuous functions
with the topology of uniform convergence on compact intervals.
Let
(Lu)(r) = 1/(p−1)
∫ ∞
r
[
s1−N
∫ s
0
tN−1m(t)u dt
]1/(p−1)
ds.
Then, for u ∈ O and r1
(Lu)(r)1/(p−1)
/(p−1)
∫ ∞
r
[
s1−N
∫ 1
0
tN−1m(t) dt
]1/(p−1)
ds
1/(p−1)
/(p−1)
[
p − 1
N − p
] [∫ 1
0
tN−1m(t) dt
]1/(p−1)
r−(N−p)/(N−1).
When 0> − (p − 1) and 
 is sufﬁciently large
(Lu)(r)
−1(r) for ﬁxed > 0.
For r < 1
(Lu)(r)1/(p−1)
/(p−1)
∫ ∞
1
[
s1−N
∫ s
0
tN−1m(t) dt
]1/(p−1)
ds
−1.
On the other hand, for r1
(Lu)(r)1/(p−1)
/(p−1)
∫ ∞
r
[
s1−N
∫ s
0
tN−1m(t)(t) dt
]1/(p−1)
ds,
(Lu)(r)1/(p−1)
/(p−1)
∫ ∞
r
[
s1−N
[∫ 1
0
+
∫ s
1
tN−1m(t)(t) dt
]]1/(p−1)
ds
1/(p−1)
/(p−1)21/(p−1)
∫ ∞
r
max
{[
s1−N
∫ 1
0
tN−1m(t) dt
]1/(p−1)
,
[
s1−N
∫ s
1
tN−1m(t)(t) dt
]1/(p−1)}
ds
1/(p−1)
/(p−1)21/(p−1)(I1 + I2).
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Here
I1 =
∫ ∞
r
[
s1−N
∫ 1
0
tN−1m(t) dt
]1/(p−1)
ds,
I2 =
∫ ∞
r
[
s1−N
∫ s
1
tN−1+(N−p)||/(p−1)m(t) dt
]1/(p−1)
ds.
By condition (ii) we know that I1 is bounded. Now, we discuss I2
I2 =
∫ ∞
r
[
s1−N
∫ s
1
tN−1+(N−p)||/(p−1)m(t) dt
]1/(p−1)
ds

[∫ ∞
1
s−1−ε/(p−1) ds
] [∫ ∞
1
tN−1+(N−p)||/(p−1)m(t) dt
]1/(p−1)
.
By condition (i) we have that I2 is bounded. Therefore, there exists M3 > 0 such that
(Lu)(r)1/(p−1)
/(p−1)21/(p−1)M3
,
for any ﬁxed > 0.
For r < 1,
(Lu)(r)1/(p−1)
−/(p−1)
[∫ 1
r
+
∫ ∞
1
[
s1−N
∫ s
0
tN−1m(t)(t) dt
]1/(p−1)
ds
]
1/(p−1)
−/(p−1)
[∫ 1
r
[
s1−N
∫ s
0
tN−1m(t) dt
]1/(p−1)
ds
]
+ 1/(p−1)
−/(p−1)M4.
When m(r) satisﬁes (i) and (ii), we can directly check that there exists M5 > 0 such that
(Lu)(r)1/(p−1)
−/(p−1)(M4 + M5)
 for any ﬁxed > 0.
We also know that
|(Lu)′(r)|1/(p−1)
−/(p−1)
[
r1−N
∫ r
0
tN−1m(t)(t) dt
]1/(p−1)
.
Discussing the two cases r1 and r < 1, we ﬁnd that there exists M6 > 0 such that
|(Lu)′(r)|M6.
Using the Schauder–Tychonov ﬁxed point theorem [1,26], we ﬁnd that a solution in O. 
Remark 1. We are only interested in the case that <p − 1. For >p − 1 and m(r) ≡ 1, we refer to Ref. [10].
From [29], we give the following lemma
Lemma 2.2 (Weak comparison principle). Let  be a bounded domain in RN(N2) with smooth boundary  and

 : (0,∞) → (0,∞) is continuous and non-decreasing. Let u1, u2 ∈ W 1,p() satisfy∫

|∇u1|p−2∇u1∇ dx +
∫


(u1) dx
∫

|∇u2|p−2∇u2∇ dx +
∫


(u2) dx
for all non-negative  ∈ W 1,p0 (). Then the inequality
u1u2 on 
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implies that
u1u2 in .
We need to employ a corresponding results by Benji and Zuchi [3] for ball domains.
Lemma 2.3. Assume that m(x) = m(|x|) ∈ C(0, R),m(r)> 0 for all r ∈ (0, R), 0> − (p − 1), and BR = {x ∈
RN : ‖x‖<R} is a N-ball. Then, for all > 0, problem{
div(|∇u|p−2∇u) + m(x)u = 0, x ∈ BR,
u = 0, x ∈ BR,
has at least one positive solution.
Theorem 2.4. Assume that 1<p<N, 0> − (p − 1) and m(x) satisﬁes:
(A1) wherever m(x0) = 0, ∃r > 0 such that m(x)> 0 on B(x0, r), where B(x0, r) is the ball of radius r centered
at x0;
(A2) for any 0<ε< (N − p)(p − 1 − ||)/(p − 1),∫ ∞
1
rp+ε−1+[(N−p)||/(p−1)]m(r) dr <∞;
(A3) for r ∈ (0, 1),
m(r) = O(r−), < 1.
Then (1.1) has a positive decaying entire solution for all > 0.
Proof. We consider
div(|∇u|p−2∇u) + m∗(r)u = 0 for x ∈ RN and > 0, (2.4)
where m∗(x) = m(x) + (|x|)/k, k = 1, 2, . . . , is any smooth function for which (t)> 0, for t0 and  satisﬁes
(A2).(A3). We have m∗ > 0 for all x ∈ RN. By Theorem 2.1, (2.4) has a unique positive solution uk → 0 as |x| → ∞.
Clearly
div(|∇uk+1|p−2∇uk+1) + (m(x) + (|x|)
k
)u

k+10.
From Lemma 2.2, it follows that ukuk+1. Thus we have a decreasing sequence
u1u2 · · · uk+1 · · ·> 0.
Let u(x) be the point-wise limit function of the sequence {uk}∞1 . We have uk ∈ C1+ for all k ∈ N and u(x)0 for all
x ∈ RN.
We now prove that u ∈ C1+loc (RN) and is consequently a solution of Eq. (1.1). Note that now our solution sequence{uk}∞1 is monotone decreasing and thus does not have a uniform positive lower bound. However, we need to prove that
our solution sequence {uk}∞1 have a positive lower bound for any ball in RN. To achieve this, we need to consider only
two cases concerning the neighborhood of an arbitrarily chosen point x0: (i) m(x0)= 0; (ii) m(x0)> 0. In what follows
we show that in either case we can ﬁnd a ball centered at x0 such that the sequence {uk} is uniformly bounded.
Suppose m(x0) = 0. By (A1), there exists a ball B(x0, r) such that m(x)> 0 on B(x0, r). Let x be any point on
B(x0, r) and B(x, r) be a ball centered at x of radius r that does not contain any of the zeros of m(x). By Lemma 2.3,
(1.1) has a unique positive solution, which we call u, in = B(x, r) vanishing on the boundary . We have
div(|∇u|p−2∇u) + [m(x) + (|x|)/k]u0.
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That is, u is a lower solution of (2.4). Application the weak comparison principle yields that uku for all k. Write
= minB(x,r/2)u> 0. Since  is bounded, it can be covered by ﬁnitely many such balls. Let  be the minimum of all
such . Then we have uk for all k along the boundary . We claim that this is in fact true for all x ∈ . In fact,
−div(|∇uk|p−2∇uk)> 0 = −div(|∇|p−2∇),
from Lemma 2.2, we have uk for all x ∈ . Thus we have a uniform lower bound  for {uk}∞1 in .
Suppose m(x0)> 0. Since m(x) is continuous, we can ﬁnd a ball of some radius, say r > 0, centered at x0 such that
m(x)> 0 for all x ∈ B(x0, r). By Lemma 2.3, (1.1) has a unique positive solution, say u0, in B(x0, r) that vanishes
on B(x0, r). Clearly u0 is a lower solution of (2.4). Lemma 2.2 again implies that uku0 for all k. We can assume
that uku00 in B(x0, r0/2) for some 0. Since x0 was arbitrarily chosen, we have shown that for any x ∈ RN,
there exists a ball of some positive radius centered at this point where the sequence {uk}∞1 has a uniform positive lower
bound. By the analysis given above, we have that u(x) ∈ C1+loc (RN) and u(x) is a positive solution of (1.1). 
3. Non-singular case
For 0< p − 1, we obtain the following main theorem:
Theorem 3.1. Assume that 0< p − 1,m(x) = m(|x|) ∈ C(RN) is non-negative and non-trivial, and∫ ∞
0
(r(r))1/(p−1) dr <∞, (3.1)
where (r) = max|x| r m(x). Then the equation
div(|∇u|p−2∇u) = m(|x|)u, x ∈ RN (3.2)
has a positive radial solution in RN.
Proof. The proof is similar to [22,29], so we omit the details. 
Remark 2. If condition (3.1) of Theorem 3.1 is replaced by∫ ∞
0
(r(r))1/(p−1) dr = ∞,
where (r)=min|x| r m(x), then (3.2) has an explosive positive radial solution inRN. In fact, we prove that u(r) → ∞
as r → ∞. This can be done by establishing the following relation:∫ ∞
0
(r(r))1/(p−1) dr = ∞,
which implies that∫ ∞
0
s(1−N)/(p−1)
(∫ s
0
tN−1m(t) dt
)1/(p−1)
ds = ∞. (3.3)
Indeed, note that∫ r
0
s(1−N)/(p−1)
(∫ s
0
tN−1m(t) dt
)1/(p−1)
ds

∫ s
0
s(1−N)/(p−1)((s))1/(p−1)
(∫ s
0
tN−1 dt
)1/(p−1)
ds = 1/N
∫ r
0
(s(s))1/(p−1) ds.
Letting r → ∞, we get Eq. (3.3).
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For > 0, we give some new results which are as follows:
Theorem 3.2. Assume that 1<p<N, > 0, and m ∈ C1(R,R+) satisﬁes
d
dt
[t [(N+1)p−N−(N−p)]/pm(t)]0 for t > 0. (3.4)
Then for any > 0 and > 0, equation
div(|Du|p−2Du) + m(|x|)u = 0, x ∈ RN (3.5)
has a positive radial entire solution u such that u(0) = .
Remark 3. If condition m(x) = m(|x|)> 0 of Theorem 3.2 is replaced by
Wherever m(x0) = 0, ∃r > 0 such that m(x)> 0 on B(x0, r), where B(x0, r) is a ball of radius r centered at x0.
Then conclusion of Theorem 3.2 still holds.
To prove Theorem 3.2, we give the following lemmas
Lemma 3.3. Assume that u = u(r) is a radial solution of (3.5) and there exists r0 > 0 such that u> 0 in (0, r0) and
u′ < 0 in (0, r0), u(r0) = 0, then u′(r0) = 0.
Proof. By (3.5) we have that u satisﬁes
(rN−1|u′|p−2u′)′ + rN−1m(r)u = 0, 0<r < r0. (3.6)
Suppose u′(r0) = 0. Integrating (3.6) on (0, r0) we obtain
rN−1|u′(r)|p−2u′(r) = 
∫ r0
r
sN−1m(s)u(s) ds.
This is a contradiction of u> 0 and u′ < 0 in (0, r0). 
Lemma 3.4. Assume that (3.4) holds, u ∈ C1(0,∞) is a radial solution of Eq. (3.5) with u(0) = > 0. Then u> 0 in
(0,∞).
Proof. Suppose that there exists a r0 > 0 such that u> 0 in (0, r0) and u(r0) = 0. Integration of (3.5) in (0, r) shows
that u′ < 0 in (0, r0). Let
V (r) = rN−1|u′(r)|p−2u′(r) + p − 1
N − pr
N |u′(r)|p + p
(N − p)(+ 1) r
Nm(r)u+1,
then
V ′(r) = p
(N − p)(+ 1) r
(1+)(N−p)/p[r [(N+1)p−N−(N−p)]/pm(r)]′u+1.
It follows from (3.4) thatV ′(r)0 in (0, r0). Therefore,V (r0)V (0)=0. This implies that u′(r0)=0which contradicts
Lemma 3.3. 
Proof of Theorem 3.2. Consider the solutions to the following Cauchy problem:
(rN−1|u′|p−2u′) + rN−1m(r)u = 0, 0<r <∞,
u(0) = , u′(0) = 0.
It is well-known that there exists a solution u ∈ C1(0,∞) such that
u(r) = −
∫ r
0
−1p
[
s1−N
∫ s
0
tN−1m(t)u(t) dt
]
ds for r0.
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By Lemma 3.4, we know u(r)> 0 for r > 0.
We note that equation
(rN−1|u′|p−2u′) + rN−1f (r, u) = 0, 0<r <∞ (3.7)
has no bounded positive radial entire solution forpN and 0 /≡ f 0. This is well-known and easily proved in the case
p=2. Indeed, if such a solution exists, rN−1p(ur)would be non-increasing in [0,∞) by (3.7), herep(u)=|u|p−2u.
Hence, p(ur(r1))< 0 for some r1 > 0. Since rN−1p(ur(r)) − k for r > r1, where k = −rN−11 p(ur(r1))> 0.
Then
ur − −1p (kr1−N) = −k1/(p−1)r(1−N)/(p−1) for r > r1.
Using pN and integrating over (r1, r), we get the contradiction u(r)< 0. Now, we give some new existence results
for f 0. 
Theorem 3.5. Assume that f : R+ × R+ → R− is continuous, |f (r, ·)| is non-decreasing for all r0 and
{∫∞
e
rN−1|f (r, 3
 ln r)| dr <∞ if p = N,∫∞
1 r
N−1|f (r, 3
r(p−N)/(p−1))| dr <∞ if p>N,
for some large positive constant 
> 0. Then there exists a constant > 0 such that 0< , the equation
div(|Du|p−2Du) + f (|x|, u) = 0 for |x| = r0 (3.8)
has at least one positive entire solution satisfying
{

u(|x|)3
 ln |x| for |x| = re, p = N,

u(|x|)3
r(p−N)/(p−1) for |x| = r1, p >N.
Proof. We consider Eq.(2.2). Deﬁne
O = {u ∈ 	(R+) : 
u(r)3
(r)},
where 	(R+) is as in Theorem 2.1,
(r) =
{
max{1, ln r} for p = N,
max{1, r(p−N)/(p−1)} for p>N.
Deﬁne
(Lu)(r) = 
+
∫ r
0
−1p
[
s1−N
∫ s
0
tN−1|f (t, u(t))| dt
]
ds.
Thus
(Lu)(r)
 for all u ∈ O.
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For re, p = N ( for r1, p >N being similar) and u ∈ O
(Lu)(r)
+
[(∫ e
0
+
∫ r
e
)
1/(p−1)s(1−N)/(p−1)
[ ∫ s
0
tN−1|f (t, u(t))| dt
]1/(p−1)
ds
]

+
[∫ e
0
1/(p−1)s(1−N)/(p−1)
[∫ s
0
tN−1|f (t, 3
)| dt
]1/(p−1)
ds
+
∫ r
e
1/(p−1)s(1−N)/(p−1)
{[∫ e
0
tN−1|f (t, 3
)| dt
]1/(p−1)
ds
+
[∫ ∞
e
tN−1|f (t, 3
 ln t)| dt
]1/(p−1)
ds
}]

+ 1/(p−1)[M7 + M8 ln r]
for 0<r <e, we can easily prove that
(Lu)(r)
+ 1/(p−1)M9.
Here M7,M8,M9 are positive numbers. Therefore, we can choose 
 and > 0 such that for 0< , it follows that
(Lu)(r)3
(r),
the remainder of the proof is the same as that of Theorem 2.1. 
Remark 4. For 1<p<N , there are same results as Theorem 3.5.
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